
#I Knots in Contact Manifolds

recall a knot 1 (eembedding of 3) in a contact manifold
(M , 3) is Legendrian if

TxK <Yx for all xtK

let /() = normal bundle of K

Lidentify with tubular neighborhood

r(k) is an RR2-bundle
H -> (k)

↓
exercise : Since M is oriented so is U(K)

and therefore trivial .

sor(k) = S'x
.

/R

up to isotopy there are E-worth of ways to identify v(K)
with S'XI that differ by "twisting
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the Thurston-Benequin invariant of K is

5b(() = F(K
,
3) - Seifert framing
↑ contact framing

exercise : if K
, isotopic to Ke through Legendrian
knots

,
then +b(k) = th (kz)

now suppose K is an oriented Legendrian knot
and K = 22

exercise : prove an oriented I-plane bundle over a surface

with boundary is trivial
so 3 = 2 x /2

and 31, inherits a trivialization

3)k E Kx1R
2
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comming from IXR

exercise : the trivialization The is not unique but

when restricted to J2 it is unique

since K is oriented we can choose a vector r(X) at xEK

that points in direction of orientation

so vgives a section
K x M

2

↓ Ne
K

think of 2: K-> I

this map is non-zero so
it has a
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Consider Mot:S' -> R2
-

where z-coordinate is a

function of x-coordinate x

-= 50

for Legendrion K y (8)= (e)

you can recover
the y-coordinate from

The shope in the xE-plane
note : ifX10) = 0

, then 21. = Y()X'I) = 0O

so I' always vanishes to at least the

order ofX'

so dino. will exist
Le always have a y-wordinate)

note : this implies no vertical tangents

get around this with cusps
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generically : O+ (0,
"

,

"

"semi-cubical casp"

K is stillsmooth even though (k) not







so that each A ; c Darboux ball

approximate A ,
in U

, E(R, 3st) by above
then Az (re)A.) ...

(to deal with smoothness make Ai over lap)

Corollary 2 :

every knot in (M, 3) can be Co-approximated
by aLegendrion knot

lets compute +b(K) and r/K) in front projection

Fact :

if of a framing on a knot K and K= L22 linking number
Then F-Seifert framing-link (K,

1)

where K' is a copy of K pushed in
the direction of a vector field along
K defining F

for oriented links K
,
K' one assigns

a

sign 3 to each crossing of K and K
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link(K
,
k') = = 2 E(c)

all
crossing

between K
,
K
/



example : K&&
-f ++ + +
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solik(K
,
() = G(6) =3

so for tb(K) if K Legendrio let K= K pushed in Reed
direction

so +b/K) = linh /K, k')

example : ⑱\E--
.

-
- -

+ +↳
-

>
7

+b(k) = E (6 - 4) = 1

given a knot diagram D for K we say the writhe
of D is : orient D

writheLD) = = 3()
crossingsc

exercise : if K is Legendrim in (R3
, Ista) they

show

Tb(K) = writhe(π(K) - #left cusps

At : consider last example














